Abstract. Answering a question of Shuzhou Wang we give a description of quantum SO(3) groups of Podleś as universal objects. We use this result to give a complete classification of all continuous compact quantum group actions on M 2 .
Introduction
The classical group SO(3) has many useful descriptions. For example SO(3) is the automorphism group of the C * -algebra M 2 of 2 × 2 complex matrices. In this paper we will focus on quantum SO(3) groups first defined by Piotr Podleś in [4] .
In his paper [12] Shuzhou Wang asked if the quantum SU(2) group could be described as a quantum automorphism group of M 2 endowed with a collection of functionals ([12, Remark (4) on page 209]). We solve this problem after a necessary modification. Namely the quantum SU(2) must be replaced by the quantum SO(3) group (the confusion stems from an erroneous identification in [12] of the classical SU(2) as the automorphism group of M 2 ).
We will show that the quantum groups S q O(3) of Podleś are the universal comact quantum groups acting continuously on M 2 and preserving the Powers state 
where q is any fixed number in ]0, 1]. In other words S q O(3) is the quantum automorphism group of the quantum space underlying M 2 preserving the state ω q . More details will be given in subsequent sections.
The quantum SO(3) groups have so far been defined either as quotient groups of quantum SU (2) or by means of a complicated system of generators and relations (see Section 3). Therefore our description of these groups as universal objects in the category of compact quantum groups acting continuously on M 2 and preserving the Powers state yields a possible alternative approach to these quantum groups which avoids some technical complexity.
Furthermore the new description of Podleś quantum SO(3) groups gives, together with some other results, a complete description of continuous compact quantum group actions on two by two complex matrices (see Subsection 1.2 and Section 6).
1.1. Terminology.
Quantum spaces.
We will use the language of quantum groups and quantum spaces (cf. [13, 14, 4, 6, 9] ). A quantum space is, by definition, an object of the category dual to the category of C * -algebras, as defined in [16, Section 0] (see also [13] ). In this category a morphism from a C * -algebra A to a C * -algebra C is a nondegenerate * -homomorphism from A to M(C), where M(C) is the multiplier algebra of C. However, in this paper all C * -algebras will be unital (in other words all quantum spaces will be compact) which implies that morphisms will simply be unital * -homomorphisms. We will write Mor(A, C) for the set of all morphisms from A to C. For a given C * -algebra C we will write QS(C) for the corresponding quantum space. Let us stress that by introducin the notion of a quantum space we are not defining a new concept, but simply creating a language in which it seems easier to express some mathematical ideas. Following Piotr Podleś ( [4, 6] ) we will sometimes use notation C(X), where X is some quantum space. Examples of this are the well known C * -algebras C S q O(3) and C S q U(2) of [4, 6] and [14] .
Quantum families of maps, quantum semigroups and their actions.
We will consider compact quantum groups and semigroups and their actions on quantum spaces. These are particular cases of quantum families of maps defined and studied in detail in [9] . To explain this notion let us consider three quantum spaces QS(N ), QS(M ) and QS(C) (in other words let N, M and C be C * -algebras). A quantum family of maps QS(M ) → QS(N ) labeled by QS(C) is a morphism Ψ ∈ Mor(N, M ⊗ C). This notions was introduced already in [13] and it generalizes the classical notion of a continuous family of continuous maps of locally compact spaces. In case M is finite dimensional and N is finitely generated and unital there exists a special quantum space QS(C) and a quantum family Φ ∈ Mor(N, M ⊗ C) called the quantum family of all maps QS(M ) → QS(N ). It is distinguished by the property that for any C * -algebra D and any
is commutative. The quantum space QS(C) labeling Φ is called the quantum space of all maps QS(M ) → QS(N ). In [9] we show that for N = M the quantum space of all maps QS(M ) → QS(M ) is a compact quantum semigroup with unit. In other words there exists a comultiplication ∆ C ∈ Mor(C, C ⊗ C) and a counit ǫ C ∈ Mor(C, ). Moreover Φ is then an action of (C, ∆ C ) on M :
As in [9] , the quantum semigroup of all maps QS(M ) → QS(M ) will be denoted by the symbol Q-Map QS(M ) .
In [9] we also studied some subsemigroups of Q-Map QS(M ) . Those important for this paper are the semigroups preserving distinguished states on M . Let ω be a state on M and let Ψ ∈ Mor(M, M ⊗ D) be a quantum family of maps. We say that Ψ preserves ω if
for all m ∈ M . By [9, Theorem 5.4] there exist a special quantum space QS(C) and a quantum family Φ ∈ Mor(M, M ⊗ C) with the property that for any quantum family
is commutative. The quantum space QS(C) is naturally endowed with the structure of a quantum semigroup with unit which we denote by Q-Map ω QS(M ) . Moreover Φ is an action of
In case (B, ∆ B ) and (C, ∆ C ) are compact quantum groups ([17, Definition 2.1]) a morphism Γ satisfying (2) is called a quantum group morphism.
Actions of compact quantum groups and the Podleś condition.
In this paper we will mainly consider actions of compact quantum groups on quantum spaces. Let G = (B, ∆ B ) be a compact quantum group and let M be a C * -algebra. As in the case of quantum semigroup actions we say that
We say that Ψ B satisfies Podleś condition if the set [11] we will call actions of compact quantum groups satisfying the Podleś condition continuous actions. This condition is always satisfied by actions of classical groups.
An important class of compact quantum group actions are the ergodic actions. Since actions are particular cases of quantum families of maps, let us define the notion of an ergodic quantum family. Let M be a C * -algabra and let Ψ D ∈ Mor(M, M ⊗ D) be a quantum family of maps QS(M ) → QS(M ) labelled by a quantum space QS(D). We say that Ψ D is ergodic if for all m ∈ M the condition that Ψ D (m) = m ⊗ ½ implies that m ∈ ½.
1.2. Statement of main results. For q ∈ [0, 1] let ω q be the state on M 2 introduced by (1). When q > 0, the quantum group S q O(3) acts continuously on QS(M 2 ) preserving ω q . We denote the morphism describing this action by Ψ q . The core result of this paper can be stated in the following way:
Moreover Γ is a quantum group morphism.
In other words the quantum group S q O(3) is the universal quantum group acting continuously on M 2 and preserving the Powers state ω q .
In Subsection 5.2 treat the case of q = 0 and show that the universal quantum group acting continuously on QS(M 2 ) and preserving ω 0 is the classical group Ì. With these results we give a complete description of all continuous compat quantum group actions om QS(M 2 ) in Section 6. A special uniqueness result is given for ergodic actions (cf. Theorem 6.1).
1.3.
A tool from operator theory. Theorem 1.2 (Fuglede-Putnam-Rosenbloom). Let C be a C * -algebra and let n 1 , n 2 , a ∈ C. Assume that n 1 and n 2 are normal and that an 1 = n 2 a. Then an * 1 = n * 2 a. The proof of Theorem 1.2 can be found in [8, Section 12.16 ]. We will only use this theorem in the very special case when n 2 = λn 1 for some fixed λ ∈ Ê. Therefore whenever n is a normal element of a C * -algebra C and an = λna for some a ∈ C then an * = λn * a.
2. Quantum semigroups preserving states on M 2 2.1. Quantum semigroup of all maps QS(M 2 ) → QS(M 2 ). The C * -algebra M 2 is generated by a single element n satisfying n 2 = 0, nn * + n * n = ½. We take
In what follows we will define morphisms from M 2 simply by indicating the image of n.
The following proposition gives a detailed description of the compact quantum semigroup Q-Map QS(M 2 ) together with its action on QS(M 2 ). 
The quantum semigroup structure on Q-Map QS(M 2 ) is given by ¡ ∈ Mor( , ⊗ ) acting on generators in the following way:
while the counit¯maps «, and AE to 0 and ¬ to 1. 
In proposition 2.2 we give a detailed description of the quantum semigroup Q-Map ωq QS(M 2 ) . We shall denote the C * -algebra with comultiplication corresponding to this quantum semigroup by (A, ∆). The action of Q-Map ωq QS(M 2 ) on QS(M 2 ) will be described by Φ ∈ Mor(M 2 , M 2 ⊗ A) and the counit of (A, ∆) will be denoted by ǫ.
Then A is the universal C * -algebra generated by three elements β, γ and δ satisfying
and
The action of Q-Map
The counit ǫ maps γ and δ to 0 and β to 1.
Proof. We know from [9, Theorem 5.4 ] that A is a quotient of by the ideal generated by the set
Let α, β, γ and δ be images of «, ¬, and AE under the quotient map π : → A. Clearly α, β, γ, δ
so
On the other hand ω q (nn
In particular we must have α = −q 2 δ and taking into account the relations (3) we see that the generators β, γ, δ must satisfy (7). Relations (8) also follow by considering (12a), (12b) and (13) .
By [9, Theorem 5.4 (5)] the quotient map π is a quantum semigroup morphism, so formulas (9) follow directly form (4). Similarly we determine the values of ǫ. Finally (10) is a consequence of (5) and (11) .
So far we know that A is a C * -algebra generated by β, γ and δ with relations (7) and (8). To see that it is the universal C * -algebra for these relations we use the universal property of Q-Map ωq QS(M 2 ) . One can easily show that the universal C * -algebra A generated β, γ and δ with relations (7) and (8) does admit a morphism Φ as defined by (10) . Moreover, since {nn * , n, n * , n * n} is a basis for M 2 , we see that the quantum family of maps Φ ∈ Mor M 2 , M 2 ⊗ A preserves the state ω q . It follows that A = A.
The symbols A, ∆, Φ will from now on be reserved exclusively to denote the objects describing the quantum semigroup structure of Q-Map ωq QS(M 2 ) and its action on QS(M 2 ). In Section 5 we will use them also for the case of q = 1 and q = 0.
The universal property of Q-Map ωq QS(M 2 ) guarantees that for any C * -algebra B and any quantum family 
Podleś quantum SO(3) groups
In [4, Remark 3] and [6, Section 3] Piotr Podleś introduced quantum groups S q O(3) as quotient groups of S q U(2) for q ∈] − 1, 1[\{0}. In [6, Proposition 3.1] we find the following description of the C * -algebra C S q O(3) :
LG = q 4 GL, (14m)
LG
Therefore one can express every relation from the list (14) using only A, G and L. (2) Quantum groups S q U(2) are defined for the deformation parameter q ∈] − 1, 1[\{0}. Thus the procedure of taking a quotient by a 2 action yields S q O(3) also for negative values of q. However, in [6, Proposition 3.3] Podleś shows that the quantum SO(3) groups defined for negative deformation parameters are isomorphic to those for positive q (namely
Therefore it is enough to consider only positive q and we will do so in what follows.
The comultiplication ∆ q on C S q O(3) acts on generators in the following way:
3.1. Reduction of Podleś relations. The relations (14) contain some superfluous ones. Clearly (14t) follows immediately from (14d) and (14e), as K = A * A + G * G. Moreover since G is normal (i.e. by (14c)), we have [G, G * G] = 0 and by (14o) and Theorem 1.2
which can be rewritten as 
Before proving Proposition 3.3 let us introduce a (simplified version of a) very convenient notation used by S.L. Woronowicz e.g. in [18] . Let H be a Hilbert space and let T be selfadjoint operator on H. For a subset E ⊂ Sp K we write H(T ∈ E) for the spectral subspace of T corresponding to E. We extend this notation further by agreeing to write H(a ≤ T ≤ b) for E = [a, b] and H(T = x) if E = {x}. Similarly we write H(T < r) for the spectral subspace corresponding to ] − ∞, r[, etc.
Proof of Proposition 3.3.
Let us note that due to (15) all operators involved preserve not only ker K, but also (ker K)
⊥ . Since on ker K the formula (16) holds, we can immediately restrict to the subspace H = (ker K)
⊥ . Note that this means that ker A * = ker K = {0}. Let A = u|A| be the polar decomposition of A. Then u is a partial isometry with initial subspace (ker |A|)
⊥ and final subspace ran A = (ker A * ) ⊥ = H. In other words u is a coisometry.
By the adjoint version of (15c) we have
since |A| commutes with K by (15a). Moreover, as noted above, the range of u * is (ker |A|) ⊥ and K preserves this subspace. Therefore we may cancel |A| in (17) to obtain
Multiplying this relation from the right by u we obtain q −2 Ku * u = u * Ku or
for any ψ ∈ (ker |A|)
⊥ . Let us note the first consequence of (18) . Namely let us take ε > 0 and ψ ∈ H(q 2 + ε ≤ K ≤ 1 − ε). Then the left hand side of (18) has norm greater or equal to q −2 (q 2 + ε) ψ = (1 + q −2 ε) ψ , while the norm of the right hand side is smaller or equal to ψ . Therefore ψ must be 0. In other words the spectral projection of K corresponding to the interval ]q 2 , 1[ is zero. In other words
Let us denote by K the space ker(K − ½) ⊥ = ran u * . From (18) we gather that
Since u is unitary from K onto H the spectrum of the right hand side of (20) is equal to Sp K. The spectrum of the left hand side of (20) is q −2 (Sp K) \ {1} . Taking into account (19) we find that
Let us decompose H into direct sum of eigenspaces of K:
In this decomposition we have
Let us also note that u maps H(K = 1) to {0} and is an isometric map of H(K = q 2n ) onto H(K = q 2n−2 ) for n > 0. Also, since |A| preserves the spectral subspaces of K and is 0 on H(K = 1) and invertible on the remaining ones, we see that A maps H(K = 1) to {0} and
for n > 0. Let us take ψ ∈ H(K = q 2n ) for some n > 0. We have
so Cψ is an eigenvector of CC * with eigenvalue q 2n − q 4n . In other words
We will show that in fact Cψ ∈ H(K = q 2n−2 ). (23) Let us first notice that for generic q the subspace H(K = 1 − q 2n−2 ) is {0} (e.g. for q non algebraic
2 ). Moreover we can assume that 1 − q 2n−2 = q 2n−2 because in this particular case we already have (23) (and (22) must be modified accordingly).
Assume that n > 1. Taking into account (21) and (22) as well as (15d) we obtain
. Looking again at (21) and (22) gives (23).
Finally let us deal with the case n = 1. In this case we have H(K = 1 − q 2n−2 ) = H(K = 0) = {0}, so (23) follows from (22). Let C = v|C| be the polar decomposition of C. Since |C| preserves eigenspaces of K we have
Using (24) we compute for ψ ∈ H(K = q 2n ) with n > 0:
. This ends the proof of (16) . (1) For most values of q Proposition 3.3 does not require the assumption (15d). This is the case e.g. for q strictly smaller than √ 2 2 or for those for which q 2n + q 2m is not equal to 1 for all m, n ∈ AE. In particular this is the case for non algebraic q. However, if there exist m 0 , n 0 ∈ AE such that q 2n0 = 1 − q 2m0 and n 0 = m 0 we can give an example of operators A, C, K on a Hilbert space H satisfying (15a)-(15c) and failing (16) . Indeed, let H = ℓ 2 ( + ) with standard orthonormal basis (e n ) n∈ + . Let
Ke n = q 2n e n , se n = 0 n = 0, e n−1 n > 0, and let C = uA. Then AK = KA, but CK = (½ − K)C = KC. Moreover we have AC = CA.
Action on QS(M 2 ). Let us fix q ∈]0, 1[. The quantum group S q O(3) acts on the quantum space QS(M 2 ). The action is described by the morphism Ψ
This action comes from the action of S q U(2) on QS(M 2 ) induced by the fundamental representation of S q U(2) and is therefore continuous ([2, Lemma 2.1]). One can check using relations (14) that the action of S q O(3) preserves the state ω q introduced by (6) . Therefore there exists a unique map Λ q ∈ Mor A, C(S q O(3)) such that
In particular we have
The symbols C S q O(3) , ∆ q , Ψ q , Λ q will be used throughout the paper in the meaning introduced above.
Characterization of quantum SO(3) groups
Let G = (B, ∆ B ) be a compact quantum group with a given continuous action Ψ B on QS(M 2 ), i.e. Ψ B ∈ Mor(M 2 , M 2 ⊗ B) and
Assume further that the action of G preserves the state ω q . Then using the notation introduced in Subsection 2.2 there is a unique Λ ∈ Mor(A, B) satisfying
Note that this implies that
We will prove that Λ factorizes uniquely through Λ q ∈ Mor A, C(S q O(3)) introduced in Subsection 3.2. Let us denote by B the canonical Hopf * -algebra dense in B and let ǫ B and κ B be its counit and antipode ([17, Section 2]). 
Proof. Relations (29) are consequences of relations (7) and (8) We will keep the notation b, c and d for images of β, γ and δ under Λ throughout the paper. In terms of these elements we have
Then the matrix a ∈ M 4 (B) is unitary.
Proof. Let a i,j be the (i, j)-entry of a and define
n,
One can check that
and from this and (27) it follows that
Moreover, since {e 1 , . . . , e 4 } is an orthonormal basis of M 2 for the scalar product (m 1 m 2 ) = ω q (m * 1 m 2 ) for m 1 , m 2 ∈ M 2 , we have a * a = ½ (cf. [9, Proof of Theorem 7.3]). To prove that a is unitary it is therefore enough to show that a is right invertible. We know that the entries of a belong to B. In particular we can apply κ B to these elements. If b is a matrix with entries κ B (a i,j ) then ab is (by (32)) a matrix with ǫ B (a i,j )½ as the (i, j)-entry. It follows from (30) that a is invertible.
Theorem 4.3. There exists a unique
Using relations (29a), (29c), (29d) and (29e) one can show that the matrix a defined in Proposition 4.2 can be expressed usingȦ,Ċ,Ġ,K andL:
Our aim is to use the unitarity of a and the remaining relations (29) to show that the elements (33) satisfy the Podleś relations (14) . By the results of Subsection 3.1 we do not need to check relations (14j), (14q) and (14t). Moreover (14m), (14n), (14o) and (14r) follow immediately from (29f)-(29g). Relation (14l) will be shown the moment we verify (14e)-(14h), (14k) and (14p), by Proposition 3.3.
To make calculations easier let us list some of the relations following from the unitarity of a. Considering the (1, 2), (1, 3), (2, 2), (3, 3) (4, 3) and (4, 4) entries of aa * we obtain
Similarly considering the (2, 2) and (4, 4) entries of a * a we obtaiṅ
Finally let us rewrite (29b) in terms of elements (33):
Step 1: normality ofĠ. The matrix a ∈ M 4 (B) is unitary and its inverse is (id M4 ⊗κ B )a. Therefore we know the values of κ B on matrix elements of (34):
By antimultiplicativity of κ B we have
(38) Therefore, by (36a) and (35d) we haveȦ
and so, by (38) again we haveĠ * Ġ =ĠĠ * .
(40) We have thus checked the relation (14c).
Step 2: consequences. Now we note that normality ofĠ implies additional commutation relations withL andȦ. By Theorem 1.2 we haveLĠ
Moreover (36b) and (35f) together with (39) givė
From (36b) we haveȦ
(43) while inserting (39) into (35d) and using (37) giveṡ
Adding (44) and (43) gives
SinceK =Ġ * Ġ +Ȧ * Ȧ
, from (45) we getK
so (14d) is verified. As a consequence (45) giveṡ
and thus (14e) and (14g) are checked. Now inserting (47) into (44) quickly giveṡ
so we get (14f) and (by (42)) (14h). Inserting (46), (47) and (48) into (37) gives quicklẏ
Similarly inserting (42) into (35c) and using (47) and (48) giveṡ
This means that we checked relations (14a) and (14b).
Step 3: commutation ofȦ andĊ. By (33) we havė
Therefore, using (44), (41b), (40) and analogs forȦ,Ġ andL of relations (14n) and (14r) we computeĊȦ
which verifies relation (14p).
Step 4: finishing touches. Let us now address relation (14k). We have by (44) and (41b)
In addition to (14k) we now also have (14l) (cf. Proposition 3.3). Let us rewrite (35a) and (35b) using (41b) aṡ
Consequently
(49) by (33) and (29e). Therefore, using (41b), we obtain
Thus (49) can be rewritten as
Now using (14l) we obtainKĊ =Ġ * Ȧ and again by (41b) we get
Plugging this into (35e) givesȦ
The last relation from the list (14) which remains to be checked is (14i). In order to do it we compute using (49), (41a), (41b), (14r), (14n) and (14m):
which means thatȦ,Ċ,Ġ,K andL satisfy all relations from the list (14) . Therefore there exists a unique Γ :
By (26) we have Γ•Λ q = Λ. Since C S q O(3) is generated by A, G and L, this condition determines Γ uniquely. Proof. The formula from statement (1) follows easily from (25) and (31). Note that applying this formula to the generator n ∈ M 2 and comparing matrix elements fixes Γ on elements A, G, L generating C S q O(3) (cf. Remark 3.2(1)).
To prove the second statement we compute
Again applying both sides of (50) to n and comparing matrix elements yields statement (2).
We have thus proved Theorem 1.1 for q ∈]0, 1[. 
5. Cases of q = 1 and q = 0 5.1. Case q = 1. The state ω q on M 2 becomes the normalized trace tr when we put q = 1. In this subsection we will show that the universal compact quantum group acting on M 2 and preserving the trace is the classical group SO(3). This is contrary to [12, Remark on page 203]. Although for q = 1 the quantum group S q O(3) is isomorphic to the classical SO(3) ([4, Remark 3]), we cannot follow directly the path of Section 4 because some of the tools we used there are no longer applicable to the case q = 1 (e.g. Proposition 3.3, cf. Remark 3.4 (2)). The description of Q-Map tr QS(M 2 ) is the following.
. Then A is the universal C * -algebra generated by three elements β, γ and δ satisfying Using the above description of SO (3) we can view C SO(3) and its standard comultiplication in the following way: C SO (3) is the universal C * -algebra generated by three normal and commuting elements S, T and R satisfying the relations
The comultiplication acts on generators in the following way
Now we see that there exists a unique Γ ∈ Mor C(SO (3)), B) such that
One can check that this map intertwines the standard action of SO (3) 
5.2.
Case q = 0. Since there is no obvious definition of S 0 O(3), let us first describe the compact quantum semigroup Q-Map ωq QS(M 2 ) for q = 0. Note that in this case the state ω q is not faithful. We can easily find the C * -algebra with comultiplication (A, ∆) describing this quantum semigroup.
Proposition 5.3. For q = 0 the C * -algebra A is the universal C * -algebra generated by two elements β and δ satisfying the following relations
The colmultiplication ∆ acts on generators in the following way:
while the counit maps β to 1 and δ to 0. 
Note that in this case δβ = 0 = βδ, δ * β = 0 = βδ * and β * β = ½ = ββ * . In particular δ = 0 in A and A is not commutative. In fact it clearly contains a copy of the Toepliz algebra. If λ(Y ) = ½ then λ(δ) must be 0 and A r is generated by a single unitary λ(β). In that case, however, the C * -algebra A r is commutative and thus the quantum group (A r , ∆ r ) is not only reduced, but also universal. Therefore we must have δ = 0 in A which is not true by Remark 5.4.
The only remaining possibility is that λ(Y ) = 0. In this case λ(β) = 0 and A r is generated by x = λ(δ) which satisfies x 2 = 0 and xx
It follows that A r = M 2 . However this C * -algebra does not admit a compact quantum group structure. This contradiction shows that the assumption that (A, ∆) was a compact quantum group was false.
Before continuing let us introduce the action of the classical group Ì on M 2 preserving ω 0 . Let u be the standard generator of C(Ì) then the morphism
describes the action by automorphism sending for each e iϕ ∈ Ì the element n to e iϕ n. Now a very similar reasoning to that given in the proof of Proposition 5.5 leads to the following result: 
Proof. We keep the notation from Proposition 5. 
We know that b and d belong to the dense Hopf * -subalgebra B of B. Moreover ∆ B (b) = b ⊗ b,
As noted in the proof of Proposition 5.5 b * b is a group-like projection in B, and so it is either 0 of or ½.
The possibility b = 0 can be excluded in many ways. Either we show that in that case d * d is a proper projection which is also group-like or we use the fact that d States on M 2 is correspond to density matrices, so for η there exists a unique ρ such that η(m) = tr(ρm) for all m and which is conjugate to one of the matrices ρ q = The only element of Theorem 6.1 which requires a comment at this stage is the uniqueness statement. It follows from the fact that for an ergodic continuous action of a compact quantum group there exists a unique invariant state ([1, Lemma 4]) whose density matrix is then conjugate to a unique matrix from the family (57).
